Three types of charge-density waves have been found to be associated with the moving test particle. One is a "plasma electron" wave that exists only for velocities of the test particle that are greater than the average thermal speed of the plasma electron; this wave also shows a Mach cone distribution. The second is an elliptically shaped "extraordinary" electromagnetic wave that exists for all velocities of the test particle, and is coupled to the plasma electron wave. The third is an almost spherical weak wave associated with the ordinary electromagnetic wave. This third wave is not coupled to the other two waves within the range of approximation considered here, and it goes over to an exponentially decreasing charge distribution in the limit of very small magnetic field. It is well known that a plasma in a magnetic field is capable of a wide variety of oscillatory motion giving rise to a number of different types of wave propagation. The ultimate source of all of these oscillatory modes is the fluctuating space-charge density in the plasma, and, therefore, it is quite reasonable to expect that for each type of wave propagation in the plasma there is some kind of charge-density fluctuation associated with it. When an external magnetic field is present the waves are generally coupled to each other, and thus also the space-charge fluctuations associated with the waves are coupled to each other. When the motion of the heavier ions is neglected there are three waves in the plasma in the presence of a magnetic field. 2 -4 Two of these are "electromagnetic" and the third is a "plasma electron" wave. 5 One of the electromagnetic waves is strongly coupled to the plasma electron wave and has been called the extraordinary wave; its frequency dependence of propagation and other properties have been discussed in detail by Allis, Buchsbaum, and Bers.'
The purpose of this report is to investigate the charge-density variations associated with these waves. This investigation will be carried out by means of a test-particle theory in which a uniformly moving charged particle is allowed to interact with the plasma through long-range Coulomb force. When the plasma is of low density it is sufficient to consider only the long-range forces. Moreover, all of the wave propagations in plasma are the results of the coherence effect brought about by the long-range force. 6 The moving test particle will interact with the surrounding plasma and will create certain charge-density waves. The nature of these waves will depend on the plasma and cyclotron frequencies and on the velocity of the test particle in relation to the average thermal speed of the plasma electrons. These investigations will be based on the linearized transport equation for a plasma in a magnetic field. This, together with Maxwell's equations in which the motion of the test particle is incorporated, forms a self-consistent set of equations. A Fourier analysis of these equations will give the required chargedensity distribution.
A similar calculation was followed in an earlier paper 7 for the case of no external magnetic field. The result of the present calculation is the following: There are three distinct charge-density waves developed in the medium. One of them is associated with the plasma electron wave, is confined within a Mach cone behind the test particle, and exists only for velocities of the test particle which are greater than the average thermal speed of the plasma electrons. The second is an elliptical, radiated charge-density wave and exists for all velocities of the test particle; it is coupled to the former wave whenever the plasma electron wave is in the medium. A comparison of these results with earlier work shows that this elliptical wave is associated with the extraordinary electromagnetic wave. The third wave is a relatively weak almost spherical wave that is not coupled to any of the former waves. We are not very sure about the electromagnetic wave with which this last charge-density wave is associated. It seems probable that this is associated with that "ordinary" electromagnetic wave that propagates uncoupled in a direction that is at right angles to the magnetic field. This idea seems reasonable because when the magnetic field goes to zero this spherical wave is replaced by an exponentially decreasing density distribution of elliptical shape. It has been shown 7 that this is precisely the shape of the transverse electromagnetic field associated with the transverse disturbance in a plasma with no external field.
In this report we shall consider test-particle motion along the direction of the magnetic field in some detail, whereas the motion perpendicular to the magnetic field will be treated very briefly (Sec. VII). Also, the velocity of the test particle will be assumed to remain constant in spite of the interaction with the plasma. We shall not consider
Alfvdn waves in the present treatment.
II. BASIC EQUATIONS
The behaviour of the electron plasma is represented by the linearized transport equation:
where v and n are disturbances in velocity and density of the plasma electrons, n o and V are the average density and thermal speed, E is the macroscopic electric field in the plasma which is due to any space charge, and Ho is the externally applied constant magnetic field along the z-direction.
The field quantities that are due to a test particle of charge q and velocity VO in the z-direction are given by Maxwell's equations:
For an unbounded plasma we perform a Fourier expansion of the electric field at any point in the plasma by writing:
Eliminating the quantities H, v, and n from Eqs. 1-5 and using Eq. 6, we get the following equation determining the Fourier transform of the electric field: 
Here, k and kp are the components of vector k along of magnetic field (z axis) and are given by
I and at right angles to the direction (10) Again taking the Fourier transform of Eq. 4, we get
where nk is the Fourier transform of the particle density. Use of Eqs. 9 and 11 then gives the following expression for the total charge density developed in the plasma as a result of the interaction of the test particle:
ikr-V t) _qW 2 ik-(-Vt) P(r,t) = en = e nk e dk = 7 dk 8wu ff(k) where (k2V 2+Wp_-2) aW-2 Here, the first term on the right-hand side represents the electrostatic field that is due to the test particle itself, whereas the second term denotes the longitudinal part of the wavelike perturbation that is due to the interaction of the test particle. It can be verified that, if either c = (absence of external magnetic field) or k = 0 (propagation is parallel to the magnetic field), then Eq. 14 reduces to the form for the longitudinal scalar potential given previously. 7 Furthermore, if f(k) of Eq. 13 is set equal to zero, we get the dispersion relation of a plasma in a magnetic field with stationary ions:
where 0 denotes the angle at which the wave is propagated with respect to the magnetic field direction. Equation 15 is a bicubic equation in k and characterizes three different waves; two of these waves are electromagnetic and the third is the plasma electron wave. 5 The same dispersion relation holds good for the charge-density wave given by Eq. 12, and therefore we can expect that a different density wave is associated with each of these waves.
III. EVALUATION OF THE INTEGRAL IN (12)
A straightforward integration of (12) is almost impossible to carry out. We shall perform the integration by asymptotic expansion or the saddle-point method, following
Orientation of the vector test particle.
denoting the point of observation with respect to the Koster. 8 In this method the quantity = -V t is assumed to be large enough so 0 that the asymptotic expansion is valid. In Fig. 1 is shown the vectorR and its position with respect to the fixed origin and the test particle.
The integral
can be written
(16) (17) By using the saddle-point method, if the quantity R is large enough, the main contribution to the integral in (17) will come from around the saddle point determined by
and 
Equation 18 is the dispersion equation for plane waves. Equation 8 requires that the test particle follow a point of constant phase. Combining the two equations gives the set of waves that can be excited by the particle in steady motion. Equation 18 defines a surface in the k-plane, any point on which is characterized by k = k.
At any particular point on the k surface we can set up a co-ordinate system for = -o , whose three components K 1 , K 2 , and K 3 will be directed along the 3 axes of this co-ordinate system. We then orient these co-ordinate axes in such a way that the cross-derivative terms in Eq. 21 disappear. Then, using Eqs. 18 and 19, we get
We are still free to choose the K 1 axis along the normal to the K surface, that is, we
. Then the integral in (17) can be written
As already mentioned, the main contribution to this integral comes from the neighborhood of the point at which qJ = qJ and k = Hence we can extend the limits of integration from -oo to +oo without significant error. Then the 4'-integration is readily performed and gives
The appearance of the 6-function shows that the value of the integral is zero unless
The integrals over the three components of can easily be carried out, and, from
Eqs. 12 and 16, we finally obtain
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One point is worth mentioning in connection with the integrated result (23). We assumed that the quantity I Ri is large enough so that the method of asymptotic expansion is valid. 9 Becuase JR I appears in the integral of (16) as a product with the vector k, this assumption is still valid for small R provided that k = 2wr/ is large. This condition means that if we restrict our interest to small wavelengths, (23) is valid for nearly all values of R. In fact, we shall see in the next section that in the absence of a magnetic field this method yields the same expression for p that was obtained previously 7 by straightforward integration of (16), without any restriction on R.
IV. ABSENCE OF EXTERNAL MAGNETIC FIELD
In the absence of an external magnetic field, we set w = 0 in (13). Use of (18) then gives the following equation to determine the k surface:
Its solution is k = k o , which makes an angle, say 0 0 , with the z axis, along which the test particle is moving. Then (24) gives
We notice from (25) (23) shows that the density distribution takes the form of a radiated wave from the moving particle, whereas if ko is imaginary, it is of an exponentially decreasing nature. We thus consider the two cases, V > V and VO < V, separately.
TEST PARTICLE'S VELOCITY GREATER THAN V
Using the first equation of (10) to split up the vector k, we can rewrite Eq. 24 as
Therefore the k surface is a hyperbola, which is shown in Fig. 2 .
Any point on this hyperbola is a solution of (24) as given by (25). Because the hyperbola is bounded by two asymptotes that make an angle cos -with the k axis, we notice V with the k z 2 0 from (25) that for any point on the curve k is always greater than zero, that is, k is always real when VO > V. The particular point on the curve which is to be taken as the solution (Eq. 25) is determined by the vector R, denoting the point of observation and the condition (19). We select a point M (kzo, kpo) on this curve so that the normal to the curve at this point is antiparallel to R and thus satisfies (19) since b is positive. This point M then represents the solution of (24) for the particular angle a made by R with the kz axis. As this point M moves on the curve, the normal there describes a cone whose semiangle is determined by the position of the asymptotes. Use of condition (19), then, at once suggests that we have a nonzero solution to the problem only when R is confined within a similar cone. That is, all of the disturbance will be confined within a cone with semiangle I,, which is such that that is, the angle a can vary within the limits from zero tocos -V . We also 2 V note that R actually describes a double cone with the moving particle at the summit (point O in Fig. 2 ). On physical grounds we reject the forward cone.
To calculate the shape of the charge-density distribution, we first calculate the relation between the angles a and o . By using (26), the angle made by the normal at M can be calculated, and thus from the geometry in Fig. 2 we can write
The quantity k · R is then given by
on the basis of Eqs. 25 and 28 and the facts that R = R cos a and R = R sin a. Using (20a) in the equation In Fig. 2 , the unit vector is the direction of the K2 axis, and the direction of the K 3 axis is perpendicular to it and out of the plane of the figure.
Using (29) and (31) in Eq. 23, we finally obtain
This is a radiated plasma wave that is hyperbolic in shape and confined behind the test particle within a Mach cone with an angle given by (27) and with the moving test particle at its apex. This relation was previously obtained by the author 7 and later by Cohen.10
TEST PARTICLE'S VELOCITY LESS THAN V
When V < V, Eq. 25 shows that k is imaginary, and Eq. 24 or Eq. 26 shows that the k surface is an imaginary ellipse. This k surface is shown in Fig. 3 , by a real ellipse on an imaginary k-plane. All of the arguments used in section 4. 1 can also be applied here. Thus the surface being a closed one, V f, and hence R, can have all possible direction in space, so that the disturbance will surround the moving particle.
Equation 26 shows that the ellipse is elongated along the k z , or z, axis. Hence the constant-density surface, or the R surface, will also be an ellipse having a compression along the z axis. For VO < V relation (28) will be replaced by
and a similar calculation yields the following expression for the charge density developed:
Thus the charge density will rapidly decrease as the point of observation moves away If an external magnetic field is present, then f(k) is given by the full expression in (13), and f(k) = 0 gives
To determine the nature of the k surface we shall make some simplifying assumptions.
First, we shall neglect V 2 and V 2 as compared with c2 (warm, but not hot, plasma). 2 22 Second, we shall neglect w as compared with k c . The second assumption means P that the wavelength of the disturbance must be much less than c/w p. Since c/wp is much greater than the Debye length V/wp, this approximation excludes only very long wavelengths from our consideration. Equation 33 may be written, without approximation, as follow s:
It was mentioned in Section I that one of the electromagnetic waves is strongly coupled to the plasma electron wave. 5 This coupled electromagnetic wave is the extraordinary wave, while the other electromagnetic wave is only weakly coupled because it propagates freely in a direction that is perpendicular to the magnetic field, when one would expect maximum coupling. Because the plasma electron wave is a slow wave, it is quite logical to expect that the coupled extraordinary electromagnetic wave will also be a slow one.
Therefore, we assume that there is one fast wave and two coupled slow ones; the fast one is then given by the terms of lowest orders in k 2 or w in Eq. 34: Or, using Eq. 8, we may rewrite Eq. 37 as follows:
Thus from Eq. 33 we get three wave surfaces, of which the one given by Eq. 35 or Eq. 36 represents the uncoupled fast wave, and the two slow coupled waves are represented by Eq. 38. Before proceeding any further with the discussions of the nature of these surfaces we must mention that the bicubic equation (33) represents three coupled surfaces. The separation of the first solution (35) has been possible because of the approximation that there is one fast wave for which k2c 2 is small as compared with .
If this is not the case, all three waves will be intimately coupled to each other, and further discussion of Eq. 33 becomes very involved.
Let us now consider the coupled surfaces derived from Eq. 38. Remembering that k z is perpendicular to k, we substitute the first equation of (10) Fig. 4 .
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The hyperbolas are shown in Fig. 5 . , (Fig. 5(b) ). The parts of the hyperbola which lie in the first quadrant of the k2-k 2 plot will always give real solutions of Eq. 40. p z Let us consider the curve in Fig. 4(b) . If we approximate the part of the curve P 1 Q 1 and P 2 Q 2 by straight lines, we at once note that on a kp vs k z plot, Eq. 40 represents an ellipse (part P 1 Q 1 ) and a hyperbola (part P 2 Q 2 ). Although these two surfaces will not meet each other, they will be coupled, in the sense that they depend on the coefficients of the same equation (38). The ellipse and the hyperbola, by considerations that are analogous to that given in Section IV, give two radiated waves resulting from the interaction of the test particle with the plasma. Since the two surfaces are coupled, the two radiated waves will also be coupled. We shall see that one of them is the plasma wave and the other is the extraordinary electromagnetic wave.
The points P 1 and P 2 in Fig. 4(b) at which the hyperbola cuts the k 2 axis can be cal-22~~~~~ the part P 1 Q 1 , and hence the ellipse, will be governed mainly by the cyclotron frequency, whereas the part P 2 Q 2 , that is, the hyperbola on the kp vs k z plot, will be governed mainly by the plasma frequency. The reverse is true if 2 /V > 2/(Vo V2). If the c 0 p 2 inequality sign is replaced by the equality sign, the curve becomes tangent to the kZ axis; that is, the ellipse and the hyperbola will touch each other. If, on the other hand, Vo< V and P2/(V 2 -V2) < c/V2, then the quantity L (Eq. 39) in (42) becomes negative, 0 P0 C 'z and the origin of the hyperbola in the k-k plot is shifted into the fourth quadrant as shown in Fig. 6 . Under these conditions, the hyperbola in the kp vs k z plot will disappear, but the ellipse will remain and will be governed by the cyclotron frequency.
Returning now to the case represented by Fig. 4(b) , we notice that the kp vs k z plot of Eq. 40 is shown by the solid line in Fig. 7 . The dotted curve in Fig. 7 represents the fast-wave solution of Eq. 34. It is a circle when the solution in the form given by Eq. 36 is used; but this circle is to be replaced by an ellipse of very small eccentricity when the solution given by Eq. 35 is used. If wc becomes very small this circle, or almost circular figure, will be replaced by an imaginary ellipse.
To sum up the discussion of these surfaces, we find that Fig. 7 represents the f(k) = 0 surface for not very small values of wc, in which the ellipse and the hyperbola are coupled to each other, whereas the circle is uncoupled. The three different surfaces will give rise to three different waves, of which the waves associated with the first two surfaces will be coupled. When VO becomes less than V, the hyperbola disappears and we have two waves. When c becomes very small, the circle will be replaced by an imaginary ellipse and will represent a damped solution instead of a radiated wave from the test particle. All of these surfaces have rotational symmetry around the k axis. We shall now consider each of these surfaces separately. z
1 OPEN WAVE OR WAVE LIKE A HYPERBOLA
In Fig. 4 (b) the part P 2 Q 2 lies in the first quadrant for only VO > V. Although this is not really a straight line, we notice that PZQ 2 is bounded on both sides by the straight lines P 2 QI and P2Q 2 which are the limiting positions of P 2 Q 2 for small and large kp, respectively. On a k vs k plot both P2QI and PIQI will give hyperbolas bounded by p z2 2 the same asymptotes. These are shown in The relation between the angles 00 and a is very nearly given by
That this is a good approximation to the actual relation can be checked by using the actual equation of the curve, (40). Also, from (48) we can write the approximated form of f(k),
--which gives rise to the dotted curve in Fig. 8 , and which can be compared with (30) and (33). Using Eqs. 48-50 and 23, and proceeding exactly as we did in section 4. 1, we get the following expression for the charge density:
Equation 51 gives the shape of the radiated plasma wave from the moving and reduces to (32) when c goes to zero. test particle,
CLOSED WAVE OR WAVE LIKE AN ELLIPSE
As discussed before this closed wave exists both for VO > and < V. It may be noted When we remember that all the terms in f(k) will have the dimension of frequency, the functional form of f(k) under the conditions of (52) will be Then, as explained in section 4. 2, the charge density will have an exponentially decreasing distribution instead of a radiated wave.
To compute the shape of the radiated fast wave, we refer to ( 62) This is almost the shape of the electromagnetic potential discussed previously ; the difference in the ellipticity and the rate of fall of p that appears here is due to the nature of the approximations made in the calculation.
VII. TEST PARTICLE MOVING PERPENDICULAR TO THE MAGNETIC FIELD
The treatment of a charged particle moving in a direction making an angle with the applied magnetic field presents so many mathematical complexities that even the somewhat simplified treatment followed so far is not of much help in deriving the shape of the density distribution. In this section we shall try qualitatively to see what happens to the plasma wave and the extraordinary electromagnetic wave of Section V. We shall also assume that the test particle is of infinite mass so that it will move in a straight line across the magnetic field lines. Following the treatment given in Section II and remembering that VO is perpendicular to Ho' we find that the Fourier transform of the charge density is given by
8w.3 The sections of the surface made by the three co-ordinate planes are shown in Fig. 9 for VO > V. The surface denoted by OABCDE in Fig. 9 represents the extraordinary 0 wave bounded by the asymptotic plane ky =-t C . It extends to infinity along both posi-V tive and negative values of k x . As we proceed along the k x axis away from the (kz-ky)-plane, the branches OA, OB, OC, and OD become more and more steep, approaching the plane k = i -asymptotically. The branches OA, OB, and also OC, OD, become Y0 o closer as k increases, so that AOB resembles the hull of a very long ship.
The other surface denoted by QPR is approximately a hyperboloid of unsymmetrical shape and is bounded by a cone that is not necessarily a right circular one. The latter surface represents the plasma wave. Referring to Eq. 19, which shows that the normal to the surface should always remain antiparallel to the vector R denoting the point of observation, we at once conclude that the plasma wave will be confined within a cone that is not a regular one. The plasma wave and, hence, also the cone exist only for V o > V. Thus we find that the nature of the plasma wave is not changed when the particle moves at right angles to the magnetic field, except that it becomes somewhat irregular in shape.
On the other hand, the distribution of the extraordinary wave shows a very peculiar change. Here we shall not try to evaluate the actual shape of the charge distribution. We shall only try to locate the region within which this extraordinary wave is confined. For this, we must determine the entire range of directions within which the normals to the surface OABCDE will lie. Because we shall be interested only in the qualitative picture of what happens to the waves and because Eq. 66, being a bicubic equation in the variable ky, is difficult to study, we shall consider the following somewhat approximated equation: Eq. 68 is written in the dimensionless form:
From Fig. 9(a) 
where A, B, and C are known functions of kx, ky, and k z , and characterize the angles made by the normal with the co-ordinate axes. Therefore the quantities
specify the direction cosines of the normals to the surface OABCDE. A plot of X vs Z will then indicate the boundary region within which the normals to the surface will be confined. By virtue of condition (19) the same boundary will also denote the region within which the charge distribution will be confined.
To obtain the X vs Z plot, we can write, from Eqs. 68, 69, 71, and 72,
A study of Eqs. 70, 73, and 74 shows that the values of X and Z always remain finite.
In fact, the relation between X and Z are given by 
31
__ Because of the relation among the variables K x , Ky, and Kz, it appears that the curve of Z vs X will always be a closed one. Several such curves are shown in Fig. 10 for a = 1 and p = 0. 25. The test particle is moving along the Y axis, which is perpendicular to both the X and Z axes of Fig. 10 . Therefore, all the normals that can be drawn to the surface OABCDE of Fig. 9 are such that they are confined within some boundary described by the dotted line of Fig. 10 . With reference to Eqs. 72 it is seen that these 100 Z K =0 Hence, it follows that the disturbance characterizing the extraordinary wave is confined in a peculiar cone whose section that is perpendicular to the direction of test-particle motion is like a figure eight.
In this section we have treated, very briefly and somewhat qualitatively, the problem of a particle moving at right angles to the magnetic field. It is interesting to note how the character of the extraordinary wave changes. The result is based on the assumption that the test particle is of infinite mass, so that it can be assumed that the particle is not deflected by the magnetic field. This assumption has been necessary so that the Fourier analysis method can be applied to this problem.
VIII. DISCUSSION
We have found that the moving charged particle will excite three different chargedensity waves in the plasma which are given by Eqs. 51, 56, and 62. The wave represented by (51) goes over to the plasma wave of (32) when wc goes to zero. The former has also a Mach conelike structure in its distribution. Therefore we can take this to be the plasma electron wave in the magnetic field. It is known 3 ' 4 that when propagation at right angles to the magnetic field is considered the plasma wave is coupled to the extraordinary electromagnetic wave. Because the wave represented by (56) is coupled to the plasma wave of (51), we can conclude that (56) represents the charge-density distribution associated with the coupled extraordinary electromagnetic wave. The polarization properties of these waves cannot be studied from the calculations followed in this work. For these, we should know the shape of the electric field associated with these waves. A detailed discussion of all of these waves and their polarization properties has been given by Allis, Buchsbaum, and Bers.'
The third wave, given by (62), is a fast wave and appears as an uncoupled electromagnetic wave. This statement is not quite correct, because in obtaining solutions of Eq. 33, we have assumed this particular solution to be an uncoupled wave surface by 2 2 2 assuming that p is negligible as compared with kc 2 . Evidently, this assumption does not hold good for long wavelength, the existence of which is more probable in plasma than short wavelength. But this is a rather weak wave, the magnitude of the charge density being of the order of V2/c 2 .
In conclusion, we may mention one point on the limitations of the calculations followed in this work. Evaluation of the integral of (12) is based on the assumption that k R >> 1, which means R >> X, that is, the calculation is not good for the near field of any wavelength. The short wavelengths X < Xk D the Debye length, are usually Landaudamped, and thus can be neglected from our consideration. In other words, for short wavelengths the E in basic plasma equation (1) should be the microfield that is only incorrectly given by Eq; 4. Therefore the inequality R > > D represents the net condition of the validity of our calculations.
